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Table top short-pulsed UV lasers are coveted for their usefulness in time-resolved studies of molecular dynamics. However, current wave-mixing and harmonic generation
techniques using crystals fail to preserve the short pulse unless the crystal is made thin,
thus limiting the conversion efficiency. The alternative is to focus the fundamental
beam into a gas, but the phase shift accumulated by a Gaussian beam as it propagates
through the focus leads to destructive interference of the generated harmonics. This
work presents two methods to alleviate this issue through the use of a semi-infinite
geometry for third harmonic generation. The first method involves placing a metal septum at the waist such that the laser drills a small pinhole, which in turn disrupts the
beam after the waist. The second method uses a very thin septum as a separator for
two gases: one with a large third order susceptibility (before the focus), and the other
with a small susceptibility (after the focus). Both methods inhibit harmonic generation
immediately after the beam waist. Experiments with third harmonic generation lead
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to increased conversion efficiency and better mode quality, and had the appropriate
perturbative behavior. Simulations supported the experimental results and were used
to explore limitations on generation. The techniques were extended to fifth harmonic
generation. Although an improved spectrum was observed, increased conversion efficiency was not observed in the experiment. Moreover, simulations indicated that fifth
harmonic light production is due to wave-mixing, not generation. Finally, simulations
with Bessel-like beams are explored as an alternative method for future experiments.
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Chapter 1

Introduction

1.1

Short Time Scales

Pulsed lasers allow for the study of phenomena that occur on short time scales. A femtosecond (10−15 s) laser pulse can be used to resolve the time dynamics in molecules, such
as dissociation and energy transfer, while even shorter atto-second (10−18 s) pulses can
potentially investigate the motion of bound electrons in atoms and molecules.
Moreover, femto-second pulses are so short in time that there is no opportunity
for heat transfer. When focused short-pulsed laser beams are used for machining, the
machined material does not get heated, but rather ablated. The material is dissociated
during the pulse, but in the absence of a clearing mechanism after the pulse, it redeposits. This leads to the stalling of the laser drilling process. This property makes
femto-second lasers appealing for a variety of machining applications.
But most importantly for this work, short pulsed lasers are characteristically high
in intensity:
I=

1

E
τa

(1.1)

2
where I is the intensity, E is the energy per pulse, τ is the pulse duration, and a is the
beam area. A typical intensity that can be achieved with a 50 f s pulse with 500 µJ of
energy is 4 · 1014 W/cm2 ! Such high intensities easily allow for the study of non-linear
processes, such as harmonic generation.

1.2

Ultra-short Lasers

The majority of the work presented in this thesis was achieved with the Spitfire ultrashort pulsed laser system from Spectra-Physics, however the following is a general
overview of ultra-short (in this work, about 50 f s in pulse duration) Ti : Al2 O3 (Ti:Sapphire)
laser systems.
Following [1], a laser pulse can be approximated as a gaussian without losing
too much generality. For further simplicity, an unchirped pulse’s electric field can be
written as:
2

E(t) = e−at eiωo t

(1.2)

where a is a width that can be related to the full width half max (FWHM) pulse duration
q
τ = ∆t = 2 lna 2 , and ω0 is the carrier frequency of the pulse. It can also be written in
frequency space by performing a Fourier transform on E(t) to get:
E(ω) =
Similarly, the FWHM bandwidth is ∆ω =

1 − (ω−ω4a0 )2
e
2a

(1.3)

√
8 ln 2a = 2π∆ν. This gives the minimum

time-bandwidth product for a gaussian pulse:

3

∆t · ∆ν ≥

2 ln 2
≥ 0.441
π

(1.4)

Pulses that experience chirp (time-dependent frequency) must have a larger time-bandwidth
product.
Eq. 1.4 shows that a large bandwidth is needed to produce a short pulse. Ti:Sapphire
emerges as a suitable gain medium due to its large and broad absorption cross-section
centered a ∼ 500 nm (easily accessible by various lasers such as argon ion, frequency
doubled Nd : Y3 Al5 O12 (ND:YAG), and frequency doubled Nd : LiYF4 (ND:YLF), and
a broad fluorescence spectrum from ∼ 600 nm to ∼ 1000 nm with a center at ∼ 800 nm.
Inside a cavity, a Ti:Sapphire laser produces continuous wave light (CW) at all
frequencies (longitudinal modes) allowed by the laser cavity. However, at high intensities the gain medium exhibits a non-linear response, n2 , to the incident radiation, I, and
the index of refraction becomes
n = n0 + n2 I

(1.5)

where n0 is the regular refractive index, n2 is the nonlinear component, and I is the
intensity (a more detailed description can be found below). This leads to an index
gradient across the spatial beam profile, resulting in self-focusing.
Since pulsed light has a higher intensity than the CW light, the pulsed beam will
experience more self-focusing than the CW beam. An added aperture in the cavity is
used to favor the high-intensity mode and suppress the linear mode. The aperture can
be a physical aperture (hard aperture), or set by the diameter of the pump beam (soft
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aperture).
Typically, no single CW mode has enough intensity to start the self-focusing process on its own. However, a small physical fluctuation in the cavity introduces a phase
shift that randomly allows the modes to momentarily constructively add, producing a
pulse with enough intensity to start the process. This is called Kerr-Lens Mode Locking, and can be accomplished by tapping an optical element in the cavity, for example.
Such cavities, or oscillators, can produce pulses with several hundred milli-Watts
of power, and a repetition rate of ∼ 70 MHz, resulting in nano-Joules of energy per
pulse. An example schematic based on the homebuilt system in the Gibson Lab is
in Figure 1.1. The gain medium adds negative dispersion (the index of refraction is
higher for shorter wavelengths), resulting in a longer pulse duration, so a pair of prisms
compensates by adding positive dispersion. A pair of razor blades is used to manipulate the width and central wavelength of the spectrum. Figure 1.1 uses the following
abbreviations:
• L - Lens for green light
• GM - Gain Medium (Ti:Sapphire crystal at Brewster’s angle for red)
• CM1, CM2 - Curved Mirrors for red light
• D - Dump for green light
• M1, M2 - Mirrors
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• OC - Output Coupler
• P1, P2 - Prisms for dispersion compensation
• RB - Razor Blade pair on translation stage, control spectrum width and central
wavelength
• HR - High Reflector
In order to achieve higher energies, the pulse from the oscillator must be amplified. But first, they must be stretched in duration in order to avoid damaging the
amplifier components. This is done with a pair of gratings that introduce dispersion by
creating a path length difference between different components of the spectrum. Then, a
gate in the form of a Pockel’s cell and polarizer pair selects a single pulse at a 1kHz rate
for amplification. From there, the amplification is done either in a multi-pass geometry
or a regenerative cavity. In the multi-pass geometry, multiple independent passes of
the “seed” from the oscillator overlap in a second Ti: Sapphire crystal. A regenerative
cavity is a resonator cavity with the Ti: Sapphire crystal as the gain medium. In both
cases, a Q-switched laser at around 500 nm is used to pump the Ti:Sapphire while the
seed stimulates emission. Once the desired amount of gain is achieved, the pulse is recompressed with another grating pair. The home-built laser system in the Gibson Lab
has an eight pass amplifier, while the commercial Spitfire system has a regenerative
amplifier. The specifications for the Spitfire system are in Table 1.2.

Fig. 1.1: Homebuilt oscillator schematic.
6
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Table 1.1: Spectra-Physics Spitfire Laser specification.

1.3

Pulse Duration

50 f s

Center Wavelength

800 nm

Max. Energy Per Pulse

800 µJ

Repetition Rate

1 kHz

Mode

Gaussian, M 2 = 1.4

Unfocused Mode Radius

3 mm

Measuring Pulse Duration

Ultra-short pulse durations are too short to be measured with electronics, so they are
measured with optical methods. This work used a second order single shot autocorrelator, which translated the pulse’s duration in time to a signal with a length in space
which was recorded with a camera. The laser beam was incident on a pair of mirrors
at ∼ 45 deg, and slightly tilted toward the propagation axis, as shown in Figure 1.2, in
such a way that the two halves of the beam had identical propagation distances to the
region of overlap. A second harmonic crystal (potassium dihydrogen phosphate (KDP)
or beta barium borate (BBO)) was placed in the region of overlap, and the resulting harmonic signal was proportional to not only the intensity of each individual beam half,
but also the overlap of the two beam halves:
Z

∞

|E1 (t) + E2 (t)| dt =

Z

∞

|E1 | dt +

2

IS HG ∝
−∞

Z

∞

2

−∞

|E2 | dt +

Z

∞

2

−∞




E1 (t) · E2∗ (t) + c.c. dt

−∞

(1.6)
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where E1 and E2 are the two beam half electric fields.
It is important to note that this type of autocorrelator is applicable when the width
of the mode is much larger than the longitudinal length of the pulse. This condition is
easily satisfied for the Spitfire’s pulses that have typical mode radius of ∼ 3 mm and
cover a length of d = c · τ = 15 µm. The motivation is pictorially described in Figure
1.3, and it can be seen that the width of the overlap region determined the width of
the harmonic signal. Following [2], the width of the overlap x was related to the pulse
duration, 2τ:
τ=

φ
xn
sin
c
2

(1.7)

where φ is the angle between the beams, c is the speed of light, and n is the index of
refraction of the crystal. The harmonic signal was recorded with a ccd camera.
In order to determine x the camera pixels were calibrated. pair of glass flats with a
precisely set gap, ∆z/2 was placed in the beam before the autocorrelator, such that there
was a reflected beam delayed by ∆t = ∆z/c behind the original beam. Provided that
∆z is appropriately small, the original and delayed beams overlapped in the crystal, as
shown in Figure 1.4, and the signal out had three peaks such that the distance between
the center peak and a fringe peak was:
∆x =

∆tc
φ ∆z
φ
sin =
sin
2n
2 2n
2

(1.8)

9
1.4

Gaussian Beam Propagation

The transverse modes of a laser cavity are the solutions of Maxwell’s wave equation
with boundary conditions set by the resonator’s mirrors and their separations. The
lowest order solution is a Gaussian, following [3]:
A(r, z) = A

−r2
ikr2
ω0 ω(z)
e 2 e 2R(z) eiΦ(z)
ω(z)

(1.9)

where A is the amplitude of the beam, ω0 is the minimum beam radius (measured as
the radius at A/e ), k = 2π/λ is the scalar wave vector with wavelength λ, r is the radial
distance:
s
ω(z) = ω0

1+

 λz 2
πω20

(1.10)

is the 1/e radius of the field,

πω2 
R(z) = z 1 + ( 0 )2
λz

(1.11)

 λz 
Φ(z) = −arctan
πω20

(1.12)

is the radius of curvature, and

is the phase evolution with propagation distance z. As the beam propagates from z =
−∞ to z = ∞, Φ(z) changes from −π/2 to π/2, leading to an overall phase change of π,
which is called the Guoy Phase Shift.
The confocal parameter, b = 2πω20 /λ, is twice the distance from the position of
ω0 such that ω( b2 ) =

√
2ω0 . The Rayleigh length is one-half the confocal parameter, as

illustrated in Figure 1.5.
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Integrating over the whole distribution gives the peak power in the beam:
P = n0 cπω20 |A|2

1.5

(1.13)

Self-focusing

High intensity beams induce a nonlinear index of refraction such that n = n0 +n2 I where
n0 is the linear refractive index and n2 =

3χ(3)
4n0

[4]. The intensity in terms of the electric

field amplitude, A is I = 21 n0 0 cA2 . Focusing is induced if n2 > 0. Using the paraxial
approximation outlined in [5] and following [6], the beam profile remains gaussian, but
with an adjusted waist and phase, with the new propagation variable given by:
ξ=

2z
b

(1.14)

The parameter:
β = 6πχ(3) |E1 |2 (k1 ω0 )2 = P/Pcritical

(1.15)

characterizes the strength of the effect as the ratio between power and the minimal
power required for self-focusing:
Pcritical =
with χ(3) =

γ
,
180

0 cλ2
8πn2

(1.16)

which arises from expanding the polarization in powers of the electric

field and propagating it through Equation 1.22.
For β < 1:
E1

−

A1 (r, z) = p
e
(1 − β) + ξ2

r2 (1−iξ)
ω2 ((1−β)+ξ2 )
0

e−iψ(ξ)

(1.17)
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 ξ 
1 − β/2
arctan p
ψ= p
1−β
1−β

(1.18)

Comparing this expression to the previous description of a gaussian beam, the new
waist is given by:

p
ω(z) = ω0 (1 − β) + ξ2

(1.19)

which becomes the usual expression for the waist when β << 1.

1.6

Harmonic Generation

Harmonic generation is a non-linear effect arising from expanding polarization P as a
power series in the (complex) electric field strength [3]:
P = 0 (χ(1) E(t) + χ(2) E 2 (t) + χ(3) E 3 (t) + ...)

(1.20)

where χ(1) is the linear susceptibility and χ(2) , χ(3) are the second and third order nonlinear susceptibilities, respectively. This can also be written in terms of the dipole
moment µ [7]:
1
1
µ = µ(0) + ᾱE + β̄E 2 + γ̄E 3 + ...
2
6

(1.21)

where ᾱ is the per-particle polarisability and β̄, γ̄ are per-particle hyperpolarisabilities.
Susceptibility and polarisability are related through α = χ(1) /0 where ᾱ = α/N. Likewise, χ(3) = γ/(60 ), where γ̄ = γ/N. In gases, even order effects are forbidden under
symmetry inversion.
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From [3], the scalar Maxwell wave equation under the slowly varying amplitude
approximation is:
52 E −

1 ∂2 E
1 ∂2 P
=
(c/n)2 ∂t2
0 c2 ∂t2

(1.22)

The lowest order theory of harmonic generation does not take into account higher
order effects such as back conversion, nonlinear phase-matching, ionization, and nonlinear propagation of the fundamental.

1.7

Lowest Order Phase Matching Integral for Gaussian Beams

The index of refraction depends on the wavelength of the light propagating through the
medium, thus as the fundamental and harmonic beams are propagating, they experience
different rates of phase accumulation. This limits the conversion efficiency as components of the harmonic generated at different points along the propagation become out
of phase with each other. Starting from Eq. 1.22 and following [3], if the electric field
is given by:
En (r, t) = An (r)ei(kn z−ωn t) + c.c.

(1.23)

and polarization with complex amplitude pn (r) is:
0

Pn (r, t) = pn (r)ei(kn z−ωn t) + c.c.

(1.24)

then
2ikn

ω2
∂An
+ ∇2T An = − n2 pn ei∆kz
∂z
0 c

(1.25)
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with ∆k = kn0 − kn = qk1 − kq being the phase-mismatch between the fundamental and
generated beams. Thus, if the harmonic order is q, using pq = 0 χ(q) Aq1 yields:

2ikq

ω2q
∂Aq
+ ∇2T Aq = − 2 χ(q) Aq1 ei∆kz
∂z
c

(1.26)

If the fundamental beam is a gaussian as described in Section 1.4, then the harmonic generated is assumed to also be a gaussian. Using 1.26, one can solve to find
that:

Aq (z) =

iqω (q) q
χ A1 Jq (∆k, z0 , z)
2n3 c

(1.27)

where:
Jq (∆k, z0 , z) =

Z

z

z0

0

ei∆kz dz0
0
(1 + 2izb )q−1

(1.28)

is the phase matching integral where b is the confocal parameter from Section 1.4, and
z0 and z are the starting and ending points of the generation, respectively.
In the tight focusing limit (TFL), z0 = −∞ and z = ∞, and the solution to Jq , the
phase matching integral is given in [3]:

Jq (∆k) =

∆k ≤ 0,

( 0,
b 2π
( b∆k )q−2 e
2 (q−2)! 2

−b∆k
2

(1.29)

, ∆k > 0.

In this limit, Jq is found to be zero for ∆k < 0 and non-zero for ∆k > 0.
Since ∆k < 0 for most gases and optical media, in the TFL harmonic generation
due to the lowest order theory is not allowed. Qualitatively, this can be attributed to the
Gouy phase shift, which leads to the light generated after the focus to be out of phase

14
with the light generated before the focus, inducing cancellation. In reality, harmonic
generation can still be observed due to higher order effects, but displays a weak, steep
power dependence (> Pq1 ) and poor mode quality. If the cancellation can be avoided,
third harmonic generation (THG) should follow a P31 power dependence and a pressure
p dependence of p2 [3].
It should be mentioned that the above phase-matching result is applicable to processes involving only the fundamental frequency: ω1 + ω1 + ω1 = ω3 for third harmonic
generation and ω1 + ω1 + ω1 + ω1 + ω1 = ω5 for fifth harmonic generation (FHG). In the
case of third harmonic generation, if only effects to third order are considered, this is the
only scheme that produces light at three times the fundamental frequency. However, if
effects up to fifth order are considered for fifth harmonic generation, two other schemes
are possible: ω1 + ω1 + ω3 = ω5 (wavemixing case 1 or WC1) and ω3 + ω3 − ω1 = ω5
(wavemixing case 2 or WC2). In these cases, the solutions were numerically calculated
and are further discussed in Chapter 5. For WC2, the phase-matching integral is nonzero for all ∆k, but for WC1 the phase-matching integral is non-zero for ∆k > 0, just as
in the no mixing case.
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Fig. 1.2: Schematic of autocorrelator.
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Fig. 1.3: Diagrams of two pulses overlapped in a nonlinear crystal:
a.) Geometry of overlap in crystal with index of refraction n, pulse duration
2τ, and angle φ between the two beams. The dashed black lines indicate same
angle.
b.) A short pulse duration translates to a short overlap width, x1 .
c.) A long pulse duration translates to a long overlap width, x2 .
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Fig. 1.4: Calibration of autocorrelator.

Fig. 1.5: Propagation of a normalized Gaussian beam, with confocal parameter b and waist ω0 .
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Chapter 2

Third Harmonic Generation Experiments

2.1

Experimental Set-Up for Studying Visible Range Harmonic Generation

The general set up for studying harmonic generation is depicted in Figure 2.1: A vacuum tube with an anti-reflection coated fused silica input window, and a fused silica
output window, was used to contain the gas which served as the generating medium.
For third harmonic generation (THG) the two gases used were He and CO2 . The vacuum tube was evacuated with a rotary vane pump to 10 mtorr, then filled to a specified
pressure through two access ports. A manifold connected the two ports. The 800 nm,
50 f s pulse duration laser was focused at the midpoint of the tube with a 50 cm fused
silica lens, allowing for a maximum possible intensity of 5 · 1014 W/cm2 . The focus
location was precisely set at low fundamental power using the throughput of a commercial sapphire pinhole to within 1 mm, or within the Rayleigh range of the beam at
the focus. Fused silica was chosen because it is less dispersive than other commonly
available options, and it transmits 266 nm light. The pulse duration was minimized at
the midpoint of the tube using the autocorrelator described in the Introduction chap-
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ter and a slab of fused silica glass of comparable thickness to the glass in the system.
The fundamental beam energy was precisely controlled with a 12 -wave plate and polarizer combination. The fundamental beam energy was monitored by a calibrated
near-infrared (NIR) photo-diode, which monitored the light leaking through a turning
mirror. After the tube, the fundamental and third harmonic (TH) light were separated
by a prism and the TH beam was reduced with a lens to fill a UV sensitive photo-diode.
The diode signals were read by an A/D converter and sorted into energy bins based on
a calibration of the fundamental photo-diode. The beam power was then derived from
the energy and measured pulse duration. Background datasets were taken with the fundamental beam blocked at the entrance window, fitted to a first degree polynomial, then
subtracted from the consequent data set. Crosstalk in the A/D converter was the biggest
cause of offset in the signal, so the lower signal channel (TH diode) was read first, followed by a grounded channel, then the higher signal channel (fundamental diode), and
another grounded channel.
Photos of the TH mode were taken by allowing the beam to propagate 65.5 cm
from the focus and allowing it to be incident upon a business card. The TH light induced fluorescence in the card, which was visible to a CCD camera, whose pixels were
calibrated.
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2.2

Phase-Matching Integral in the Tight Focusing Limit

From the result in 1.29, in the tight focusing limit (TFL), the phase-matching integral
for THG equates:
J3 (∆k) =

( 0,
πb2 ∆k −b∆k
e 2 ,
2

∆k ≤ 0,

(2.1)

∆k > 0.

The result is plotted in Figure 2.2.

2.3

Tight Focusing Limit Results

Before testing new geometries, THG in the TFL was tested. The tight focusing limit
was achieved by allowing the beam to propagate through the vacuum tube unobstructed.
The expectation was that higher order effects would dominate the generation, yielding
a P3 > P31 power relationship (where P3 is the TH power and P1 is the fundamental power), and a poor quality mode. The power relationship from the experiment is
depicted in Figure 2.3 (the ‘No Septum’ case) on a log-log plot and shows a steeper,
approximately P51 power dependence. A photo of the mode is depicted in Figure 2.4.
The mode has a ring shape with no intensity in the center, which is not desirable for use
in experiments. Studies of THG in the TFL at different pressures were not performed
in this work, but were done by [5].
In an effort to improve conversion efficiency and produce a better mode, a new
geometry, the semi-infinite limit (SIL) was tested next.
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2.4

Phase-Matching Integral in the Semi-Infinite Limit as Motivation for New
Experiments

A way to avoid the cancellation induced by the Guoy phase shift is to break the symmetry of the geometry by generating harmonics before the focus of the beam, but not
after. In this semi-infinite limit (SIL) the phase-matching integral for THG is:
J3 (∆k, z0 , z) =

Z

0

0

−∞

By setting α =

b∆k
2

and ξ =

2z0
,
b

ei∆kz dz0
0
(1 + 2izb )2

(2.2)

Equation 2.2 can be written as:
b
J3 =
2

Z0

eiαξ dξ
(1 + iξ)2

−∞

(2.3)

Then, using integration by parts, Equation 2.3 becomes:
ib
J3 = [1 − α
2

Z0

eiαξ
dξ]
(ξ − i)

(2.4)

−∞

Substitutions simplify the expression to:
ib
J3 = [1 + αe−α
2

Z∞

e−t dt
]
t

(2.5)

−α

where the integration is now done in the complex plane. However, α is real, so its argument (the angle α makes with the real axis) is zero. Therefore, the following definition
for the exponential integral function is applicable [8]:
E1 (z) =

Z
z

∞

e−t
dt
t

(|arg(z)| < π)

(2.6)

The identity E1 (z) = −Ei(−x) from [9] is used, and since Γ(0, z) = −Ei(−z) [10], the
remaining integral is identified as a special case of the incomplete gamma function
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given by [8]:
Γ(a, x) ≡

Z∞
ta−1 e−t dt

(2.7)

x

Thus,
J3 = ib2 [1 + αe−α Γ(0, −α)]
=

ib
[1
2

+

(2.8)

b∆k −b∆k
e 2 Γ(0, −b∆k
)]
2
2

In the SIL, J3 is non-zero for all ∆k, as can be seen in Figure 2.2.
The power of the TH beam, P3 , for both limits, can be written in terms of the
phase-matching integral and the power carried by the fundamental beam, P1 :
P3 =

3k2 (χ(3) )2
P3 |J3 |2
4n3 n31 02 c2 π2 w40 1

(2.9)

where wo is the waist of the fundamental beam, n1 is the index of refraction at ω, n3 is
the index of refraction at 3ω, χ(3) is the third order non-linear susceptibility, and c is the
speed of light in vacuum. The analytical results for TH power in the TFL and SIL are
shown in Figure 2.2.

2.5

Modifications to the Set-Up to Study Harmonic Generation in the
Semi-Infinite Limit

The SIL was implemented with two separate methods:
1. The septum method: A high χ(3) gas, in this case CO2 , was used throughout the
chamber. A thick (0.39 mm − 0.64 mm) stainless steel (SS) septum was placed at
the focus of the beam. The beam micro-machined a pinhole in the septum and
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stalled [11] at a diameter that was inversely related to the thickness of the septum. As a consequence of the pinhole, the fundamental beam’s mode was altered
and the power was reduced, greatly reducing the THG. However, the TH light
generated before the septum had a smaller waist and propagated freely through
the pinhole. One concern when using this method might be the stability of the
beam pointing, but this was not an issue for the standard commercial laser system
under typical lab conditions.
2. The two-gas method: A thin (0.05 mm) stainless steel septum was placed at
the focus to separate the chamber into two halves: the input half was filled with
a high χ(3) gas (CO2 ), and the output half was filled with a low χ(3) gas (He).
Initially there was no mixing of the gases as there was a vacuum seal between the
two tube halves. The beam drilled a large hole in the septum, but the gases did
not mix efficiently through the created pinhole so long as the gas pressures were
equilibrated before drilling. Under these conditions the configuration was stable
over many hours. Here, again, THG was supported before the focus, but not after
the focus.

2.6

Semi- Infinite Limit Results

The septum method produced a power dependence of P3.18
(determined from the 100torr,
1
0.64 mm thick septum data from Figure 2.3) from 100 MW up to 3 GW of fundamental
power and a good mode, described by an Airy pattern, as seen in Figure 2.4. The signal
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was insensitive to the location of the focus over the Rayleigh range of the beam. The
slightly greater than P31 power dependence was likely due to ionization, as discussed in
Chapter 3. A study of the TH signal as a function of fundamental power for various
septum thicknesses can be seen in Figure 2.3. In general, the UV-sensitive photo-diode
was not calibrated to a power value. An attempt was made for the results presented in
Figure 2.3, but because the signal was close to the lower limit of the power meter, with
a signal-to-noise factor of 2, there was an estimated factor of 2 uncertainty on the TH
power calibration. The optimal result was produced in the 0.64 mm SS septum, which
corresponded to a pinhole radius of 23 ± 3 µm (measured with a calibrated back illuminated optical microscope), which was also the approximate TH beam waist predicted
by analytical expressions (see Chapter 3).
The pressure dependence of THG was studied in a separate set of experiments
using the septum method (0.64 mm thick SS septum) (Figure 2.5). In this set of experiments, the vacuum tube was evacuated to ∼ 10 mtorr and then filled with CO2 gas.
The power studies were performed such that the each histogram bin had at least 1000
shots, but the pressure had not changed more than 10 mtorr (or less than 10% for the
lowest pressure investigated). The TH signal increased with increasing pressure, as is
indicated by the plots being in order from lowest pressure (bottom) to highest pressure
(top). The fundamental power at which the TH signal stagnated decreased with increasing pressure. For pressures up to 1 torr a p1.95 dependence was observed (Figure 2.6).
At higher pressures, the dependence was p0.65 .
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The two-gas method was also affective at achieving the SIL geometry. As can
be seen in Figure 2.3, a 0.25 mm thick septum yielded a result similar to that produced
by including no septum at all, so a thin (0.05 mm) septum was used as divider between
the two chambers. One half of the chamber was filled with a non-linear gas (in this
case, CO2 ) and the other half with a relatively less non-linear gas (in this case, He).
Once again, the mode was improved over the TFL case (Figure 2.4) and the power
dependence was approximately P31 over many orders of magnitude (Figure 2.7).
Both the septum and the two-gas methods were monitored and found to be stable
for at least 10 hours.
Although the low pressure and low fundamental power experimental results followed expectations from theory, at high pressure and power the TH signal stagnated.
This was not due to detector saturation and possible explanations were explored with
simulations (Chapter 3).
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Fig. 2.1: Schematic of experiment.
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Fig. 2.2: TH power as a function of b∆k in the TFL and the SIL.

15

29

10

10

7

6

Septum Thickness
0.64 mm
0.51 mm
0.39 mm
0.25 mm
No Septum
0.64 mm, vacuum

TH Power (W)

105

104

103

102

101

100
108

109

1010

Fundamental Power (W)

Fig. 2.3: TH power versus fundamental power for various thicknesses of septa for
100 torr of CO2 .
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Fig. 2.4: Photographs of fluorescence induced by TH beam on an index card. a) No
septum, 100 torr CO2 ; b) Septum method, 0.64 mm SS septum, 100 torr CO2 ;
c)Two-gas method, 0.05 mm SS septum, 100 torr CO2 − He. a) and b) were
produced with 4 GW fundamental power. c) was produced with 1.3 GW fundamental power. Axes are units of mm.
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Fig. 2.5: Experimental TH signal versus fundamental power for various pressures of
CO2 with 0.64 mm thick SS septum. The overall signal was attenuated before the UV-sensitive photodiode to avoid detector saturation and an absolute
calibration of the y-axis was not attempted.
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Fig. 2.6: THG signal at 4 GW fundamental power versus pressure (extracted from Figure 2.5). The y-axis for the experimental data is not absolutely calibrated.
For the experimental data: At low pressures (< 1 torr), P3 ∝ p1.95 ; at high
pressures, P3 ∝ p0.65 .

33

107
Septum experiment,
0.64 mm thick septum
Two-gas experiment,
0.05 mm thick septum

106

TH Power (W)

105

104

103

102

101

108

109

1010

Fundamental Power (W)
Fig. 2.7: TH signal versus fundamental power for two-gas (CO2 − He) and septum
(CO2 ) methods at 100 torr (from Figure 2.3).

Chapter 3

Third Harmonic Generation Simulations

3.1

Description

The simulations for THG account only for first and third order effects, where the polarization is given by:
1
P = αE + γE 3
6

(3.1)

E = A1 eikz cos(ωt) + A3 eik3 z cos(3ωt).

(3.2)

and the local electric field is

A1 , A3 are the amplitudes of the fundamental and TH beams, α is the polarizability, and
γ = 3.0 · 10−36 C 4 mJ −3 is the hyperpolarizability for CO2 [7] at atmospheric pressure
and room temperature. Also, χ(3) = γ/(60 ) for THG . From [3], the scalar Maxwell
wave equation is given by Equation 1.22. Equations 3.1 and 3.2 above are substituted
in to derive expressions for the beam propagations under the slowly varying amplitude
approximation with polarizabilities α1 , α3 for ω and 3ω respectively [12], [13]:
∂A1
1
k
γ
γ
γ
= − O2T A1 −
(α1 A1 + A∗1 A1 A1 + A∗1 A∗1 A3 + A1 A∗3 A3 )
∂z
2ik
2i0
8
8
4
34

(3.3)
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∂A3
1 2
k3
γ
γ
γ
=−
OT A3 −
(α3 A3 + A1 A1 A1 + A∗1 A1 A3 + A∗3 A3 A3 )
∂z
2ik3
2i0
24
4
8

(3.4)

Table 3.1 describes the effects included.
An initial gaussian fundamental beam profile is represented by a grid of complex
electric field values for the fundamental beam, and the TH beam is represented by an
initially empty grid. The grids are propagated with the first order split operator method
[14], [15]. Convergence is verified for grid step size and longitudinal step size. Energy
conservation converges to within 0.002%. Pressure, input power, pinhole size, and gas
type can all be varied. Taking into account the uncertainty in the value of γ and that
γ was measured at 694.3 nm, the absolute TH power predicted by the simulations is
estimated to have an uncertainty of a factor of 2.

3.2

3.2.1

Results

Propagation and Modes

Propagation along the z direction, the propogation axis, can be plotted. Figure 3.1
shows the fundamental beam in TFL and SIL on a logarithmic scale. Similarly, Figure
3.2 shows the TH beam in the TFL and SIL. The SIL limit was achieved with the septum
method. This visualization makes it easier to qualitatively understand the function of
the pinhole at the center: in the SIL the fundamental beam is truncated by the pinhole,
while the TH beam is, for the most part, allowed to propagate through undisturbed.
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Moreover, in the TFL the TH beam can be observed to undergo modulations due to the
phase-induce cancellation after the focus.
The modes of the TH beam are shown in Figure 3.3. In the TFL, the simulations
show a donut mode, exemplifying the cancelation brought on by the Guoy phase shift.
In the SIL with both the septum and two-gas methods, the simulations predict gaussian
modes. The simulations were run under the same conditions as the experimental photos
in Figure 2.4 to enable direct comparison.

3.2.2

Self-Focusing

Since self-focusing decreases the waist size at high power, the simulations were checked
for agreement with [5]’s analytical treatment for self-focusing in the following way: for
each propagation step up to the focus in the program, the resulting fundamental beam
profile was fit to a guassian profile and a beam waist according to 1.19 was generated.
The two results were plotted against the distance from the focus (see Figures 3.4 and
3.5). For both low (20 MW) and high (10 GW) input power the agreement was good,
but not perfect, with the simulations reflecting the experimental conditions more since
they take higher order terms into account.

3.2.3

Perturbative Regime

The simulations were used to model the power dependence in the TFL (Figure 3.6) and
the SIL.
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Both experimental methods in the SIL can be modeled and the results are similar
(Figure 3.7), so the following simulations were run for the septum method.
Fundamental power and pressure are both low in the perturbative regime. In the
(determined
low power limit, the simulation results yield a power dependence of P2.94
1
from the 100 torr data, Figure 3.11), and a low pressure dependence of p1.97 (Figure
3.8), which are close to the expected dependencies. Also, at low powers the simulations
predict the optimal pinhole size (Figure 3.9), which agrees with the experimental value.
TH power was explored as a function of b∆k (Figure 3.10) by varying α3 with
respect to α1 . There was good agreement with the analytical results at low fundamental
power.

3.2.4

High Power and Pressure

Since the simulations attained the correct perturbative limit results, they were next explored at high power and pressure. Above a pressure of 1 torr, the TH power no longer
scaled as p2 , but rather p0.69 (Figure 3.8). This is consistent with the experimental
results.
Above 10 GW, the simulated results also stagnated and the corresponding fundamental power for the saturation point was dependent on the choice of χ(3) coefficient and
the pressure, indicating non-linear phase accumulation as the cause. Also, from Figure
3.10, at high fundamental powers the TH power deviates from the analytical result, indicating contributions to the generation from additional terms, most likely non-linear
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contributions to ∆k.

3.2.5

THG Simulations with Ionization

Since the saturation power does not correspond to the experimental bend-over power, a
simple model for ionization was incorporated into the simulations. The refractive index
due to free electrons was not considered and it was assumed that ions have a negligible
χ(3) . χ(3) was smoothly set to zero around the saturation energy for ionization [16] using
an erf function [8]. The width of the function was estimated from previous ionization
studies (for example, see [17]). At low pressure and power, the simulation results including ionization agreed with the simulation results without ionization (Figure 3.11).
At high pressures, the simulations including ionization stagnated at a lower fundamental power and yielded a P3.22
power dependence (determined from the 100 torr data,
1
Figure 3.11), which was more consistent with experimental results. The results were
also pressure dependent and interestingly indicate that in some cases ionization helps
the TH signal by suppressing generation in a region where the generation would have
been out of phase (Figure 3.11).
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Table 3.1: Effects included in THG simulations, where ω refers to the fundamental
frequency, 3ω refers to the TH frequency, and nNL refers to the nonlinear index of refraction.
Energy
Effect

Form

Conservation
Diagram

THG

A1 A1 A1

Self-focusing of ω beam

A∗1 A1 A1

Self-focusing of 3ω beam

A∗3 A3 A3

nNL induced at 3ω beam due to ω

A∗1 A1 A3

nNL induced at ω due to 3ω

A1 A∗3 A3

Back Conversion

A∗1 A∗1 A3

b)

in b). Intensity on the propagation plot is shown on a log scale.

Fig. 3.1: Fundamental beam propagations for 100 torr CO2 and 10 GW fundamental power. TFL is shown in a) and SIL is shown

a)
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b)

Intensity on the propagation plot is shown on a log scale.

Fig. 3.2: H beam propagations for 100 torr CO2 and 10 GW fundamental power. TFL is shown in a) and SIL is shown in b).
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No Septum
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10

Two-Gas

10

10
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b)
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0
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10
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10

Fig. 3.3: Simulated modes of the TH beam. a) No septum, 100 torr CO2 ; b) Septum
method, 0.64 mm SS septum, 100 torr CO2 ; c)Two-gas method, 0.05 mm SS
septum, 100 torr CO2 − He. a) and b) were produced with 4 GW fundamental
power. c) was produced with 1.3 GW. fundamental power. Axes are units of
mm.
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Fig. 3.4: Waist as a function of distance from center for fundamental beam with 20 MW
power.
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Fig. 3.5: Waist as a function of distance from center for fundamental beam with 10GW
power.
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Fig. 3.6: TH signal versus fundamental power in TFL with 100 torr CO2 (experimental
data from Figure 2.3). Here, simulation results do not include ionization.
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Fig. 3.7: TH signal versus fundamental power for two-gas (CO2 − He) and septum
(CO2 ) methods at 100 torr (experimental data from Figure 2.3). Here, simulation results do not include ionization.
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Fig. 3.8: THG signal at 4 GW fundamental power versus pressure. The simulation results are shown as triangles, while the experimental results (extracted from
Figure 2.5) are shown as circles. The y-axis for the experimental data is not
absolutely calibrated. For the experimental data: At low pressures (< 1 torr),
P3 ∝ p1.95 ; at high pressures, P3 ∝ p0.65 . For the simulated data: THG power
at 4 GW fundamental power versus pressure (from simulations). At low pressures (< 1 torr), P3 ∝ p1.97 ; at high pressures, P3 ∝ p0.69 .
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Fig. 3.9: Simulated THG power (20 MW fundamental power) as a function of pinhole radius predicts an optimal radius of 20 µm, which is consistent with the
experimental result.
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Fig. 3.10: TH power as a function of b∆k in the TFL and the SIL. Shown also as points
are simulation results (no ionization) at a pressure of 100 torr for 20 MW
and 2 GW fundamental power. The 2 GW results are scaled by a factor of
10−6 .
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Fig. 3.11: Simulated power dependence plots with and without ionization, in CO2 ,
shown as lines. At low pressure the results are similar. For the case with
2.94
ionization: P3 ∝ P3.22
1 .For the case without ionization: P3 ∝ P1 . Shown

as points is the experimental result from Figure 2.3 for 100 torr CO2 with a
0.64 mm thick septum.

Chapter 4

Fifth Harmonic Generation Experiments

4.1

Motivation

Fifth harmonic generation (FHG) was investigated next to determine if generation in
the SIL would produce the same enhancement as for THG.

4.2

Phase Matching Integral in the Tight Focusing Limit

As previously mentioned, if only effects up to fifth order in electric field are considered,
there are three ways to create fifth harmonic photons: two wave mixing cases and one
generation case.
For the generation case, five fundamental photons are needed to create one fifth
harmonic photon. From the result in 1.29, the phase matching integral is:

J5 (∆k) =

∆k ≤ 0,

( 0,
πb3 ∆k2 −b∆k
e 2 ,
4

(4.1)

∆k > 0.

and the result is graphed in Figure 4.1.
The wave mixing cases are described by [18] and recreated in Figure 4.2 with
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Fig. 4.1: Phase-matching integral for FHG in TFL and SIL for generation case.
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a definition for ∆k consistent with the discussion in this thesis ([18] uses an opposite
definition) and the focal length and wavelength consistent with experiments.
For wave mixing case 1 (ω1 + ω1 + ω3 → ω5 ), the phase-matching integral
result from [18] was integrated over propagation distance for different values of ∆k =
2k1 + k3 − k5 determined by varying α3 and α5 with respect to α1 .
For wave mixing case 2 (ω3 + ω3 − ω1 → ω5 ) the phase-matching integral is
composed of an integral over propagation distance first, then an integral over the radius
of the mode. The propagation integral was done with MATLAB’s [19] integral function
for 1000 values of radius, and then the radial integral was done with trapezoid rule. The
process was repeated for different values of ∆k = 2k3 −k1 −k5 determined by varying α3
and α5 with respect to α1 . The values k0 = 2k3 − k1 and k00 = 2k3 + k1 were also allowed
to vary. Since the phase-matching integral exists for all b∆k, FHG should always occur
in the TFL for wave-mixing case 2.
However, both wave-mixing cases assume the existence of the third harmonic
from the start of the generation, which is not the case in the experiments, where the third
and fifth harmonics are generated together. Therefore, these phase matching results are
used to test the validity of the simulations in Chapter 5, but do not necessarily make a
prediction about the fifth harmonic signal from the experiment.

4.3

Phase Matching Integral in Semi-Infinite Limit

For the generation case in the semi-infinite limit, the phase matching integral is:
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Fig. 4.2: Phase-matching integral results.
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J5 (∆k) =

0

0

Z

−∞

Just as in the THG case, setting α =

b∆k
2

b
J5 =
2

ei∆kz dz0
0
(1 + 2izb )4

and ξ =
Z

0

−∞

sz0
b

(4.2)

gives:

eiαξ dξ
(ξ − i)4

(4.3)

Then, using integration by parts, this becomes:
b h i iα
+
J5 =
2 3 3

Z

0

−∞

eiαξ dξ i
(ξ − i)3

(4.4)

After similarly repeating the integration by parts step twice more, the integral becomes:
b h i iα iα2 iα3
+
+
−
J5 =
2 3 6
6
6

0

Z

−∞

eiαξ dξ i
(ξ − i)

(4.5)

This can be simplified via substitutions to get:
b h i iα iα2 iα3 −α
J5 =
+
+
+
e
2 3 6
6
6

Z

∞

e−t tdt

i

(4.6)

−α

which is simplified with the definition of the incomplete gamma function described in
2.7:
J5 =

ib h 1 (b∆k/2) (b∆k/2)2 (b∆k/2)3 −b∆k/2
b∆k i
+
+
+
e
Γ(0, −
)
2 3
6
6
6
2

(4.7)

So, just like for THG, in the SIL, J5 is non-zero for all ∆k.
The power of the FH beam, P5 , for both limits in the generation cases, can be
written in terms of the phase-phase matching integral result and the power carried by
the fundamental beam, P1 :
P5 =

5k12 (χ(5) )2
4n5 n51 04 c4 π4 ω80

P51 |J5 |2

(4.8)
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Plots for the phase-matching integral in the TFL and SIL can be seen in Figure
4.1.

4.4

FHG Set-Up and Data Acquisition

The fifth harmonic of the 800 nm beam is 160 nm, which is in the vacuum ultra violet (VUV) region of the spectrum. Several common atmospheric gases absorb at this
wavelength [20], including water, so it cannot be studied in air the way that THG was.
The laser was the commercial Spitfire laser described in previous chapters. The
fundamental energy was precisely controlled with a half-wave plate and polarizer combination. Light leaking through a turning mirror was used to monitor the fundamental
energy with a calibrated photo-diode. The autocorrelator described in the introduction
section was used to set the pulse duration to minimum at the septum. A 50 cm lens focused the fundamental beam into the vacuum tube. The tube was outfitted with a linear
feedthrough at the midpoint so that the septum could be moved out of the beam’s path
for TFL experiments. The focus was precisely located at the midpoint of the tube using the throughput of a commercial sapphire pinhole, just as in the THG experiments.
This way, as long as laser alignment was stable, the experiment could be performed
several times before vacuum had to be broken to replace the septum. This was vital
because routine out-gassing was enough to absorb all signal. Thus, the chamber had to
be pumped down to 10 mtorr and pumped on for a day before it could be filled with the
nonlinear gas, argon. Argon was chosen for this experiment because its first ionization
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energy is higher than the energy of the seventh harmonic photon, therefore there was
potential for studying seven harmonic generation, too. The detector was a McPherson monochrometer, equipped with a grating, a sodium salicylate coated window, and
a PMT (a more detailed description of PMTs for VUV detection can be found in the
Appendix). The PMT operated with −1 kV applied voltage. The voltage was monitored
and found to be stable within 0.1%.
The signals out of the fundamental diode and PMT were integrated with a Stanford Research Systems Fast Gated Integrator Model 250 [21]. Then, they were read by
a data acquisition device (DAQ), which was triggered on the falling edge of the busy
signal from the last (latest) integrator.
A LabView program interfaced with the motor controller for the grating and the
DAQ. After each grating rotation, the program recorded a user specified number of
samples from the diode and PMT. The diode readings were checked against a user
specified power range (the standard deviation of a histogram of energies of 104 laser
shots, which was 2% of the highest power and 8% of the lowest power used ), and
samples corresponding to laser powers outside the range were discarded. Then, more
samples were taken until the total number of accepted readings exceed a user specified amount (typically 1000 samples). The PMT signals were sorted into bins and the
constructed histogram was fit to a gaussian distribution, where the center was recorded
as the signal measurement and the standard deviation was recorded as the error on the
measurement.

Fig. 4.3: Schematic for FHG.
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4.5

Results

The TFL was achieved by allowing the fundamental beam to propagate unobstructed,
just as for the THG experiments. A pressure of 100 torr of Ar was used. Spectra were
taken for various fundamental beam powers. A background signal due to scattered
THG was accounted for by fitting the spectra to a first order polynomial from 130 nm
to 145 nm and the fit was subtracted from the entire spectrum. The result can be seen in
Figure 4.4.
The fifth harmonic signal was present for fundamental powers 2.52 · 109 W to
4.00 · 109 W. Spectra at higher fundamental powers were not taken because it was
assumed that ionization was present, and studies of ionization were not within the scope
of this work. All spectra were taken in the PMT’s current mode.
The full width at half maximum amplitude (FWHM) increased with increased
fundamental power. This can be attributed to self-phase modulation, the self-induced
time-depended non-linear index of refraction [4] which induces the phase shift: φNL (t) =
− ωc n2 I(t)L, where ω is the center frequency, n2 is the induced non-linear index of refraction coefficient, I(t) is the intensity, and L is the interaction length. Thus, for a
gaussian pulse shape, the frequency shift of the spectrum

dφNL
dt

changes sign as the slope

of the pulse changes from negative to positive, introducing new frequency components
on both sides of the central frequency, resulting in a broader spectrum in both frequency
and wavelength (∆λ ≈

∆ωλ2
),
2πc

as intensity increases.

The FH spectrum in the TFL was also found to be poorly centered on the FH
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wavelength of 160.0 nm, with a red-shift as large as 6.5 nm at the highest power. A
typical cause of spectrum shift is ionization, which deactivates the non-linear index at
the peak of the pulse. However, for a positive n2 , new frequency components are only
generated on the blue side of the spectrum. For FHG, n2 is not known, and although
to leading order it is related to χ(3) (as described in Chapter 1), there are higher order
contributing terms (as discussed in Chapter 5). So it is possible that the red-shift observed experimentally can still be attributed to ionization with a negative n2 , but it is
not verifiable without knowing the relative phase shifts of the additional terms.
After the TFL limit spectra were taken, the linear feedthrough was used to lower
a 0.64 mm thick septum into the focus of the beam. The beam was allowed to drill the
hole at a power of 1 · 1010 W for 5 minutes. Then, the spectra were taken and processed
in the same way as in the TFL. The result can be seen in Figure 4.5.
In the SIL, the spectra were better centered on 160.0 nm than in the TFL case,
although artifacts at higher wavelengths occured at higher powers. The spectrum was
also observed to have less bandwidth than in the TFL, which is unexplained.
Each spectrum was integrated with trapezoid rule for the entire wavelength range
of 135.5 nm to 180.0 nm and the results were plotted against the fundamental power
(see Figure 4.6). The best power law fit for fundamental power up to 3.52 · 109 W
yielded a power dependence of P6.6
1 for the TFL, which is steeper than the perturbative
P51 dependence, and consistent with the observations in the THG experiments. In the
SIL case, the best power law fit for fundamental power up to 3.52 · 109 W yielded a
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power dependence of P5.3
1 .
At fundamental powers 4GW and higher, FHG saturated for both the SIL and the
TFL, just as for THG. This is likely due to ionization, as in the case of THG.
Figure 4.6 indicates that there is no enhancement for FHG in the SIL over the
TFL.
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Chapter 5

Fifth Harmonic Generation Simulations

5.1

FHG Simulations

To simulate fifth harmonic generation (FHG), the simulations (without ionization) described in Chapter 3 were modified to include fifth order effects. The polarization was
given by:

1
1
P = αE + γE 3 +
εE 5
6
120

(5.1)

E = A1 eikz cos(ωt) + A3 eik3 z cos(3ωt) + A5 eik5 z cos(5ωt).

(5.2)

with local electric field:

A1 , A3 , and A5 are the amplitudes of the fundamental, TH, and FH beams (respectively),
α is the polarizability, γ = 2.23 · 10−36 C 4 mJ −3 is the third order hyperpolarizability for
Ar at atmospheric pressure and room temperature.
Since reliable measurements and calculations for the value of χ(5) are not available in literature, the value was estimated following the approximation χ(3) ≈

χ(1)
2
Eat

when

the applied field strength is comparable to Eat , the atomic field strength, from [3]. By
65
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extension, χ(5) ≈

χ(1)
4 .
Eat

For argon χ(3) = γ/(60 ) = 4.2·10−26 m2 /V 2 [7] and χ(1) = 5.7·10−4

[22], and thus χ(5) ≈ 3.1 · 10−49 m4 /V 4 . Using χ(5) = ε/(1200 ), the estimated fifth
order hyperpolarizability for Ar at atmospheric pressure and room temperature was
ε = 3.3 · 10−57 m3C 6 J −5 .

5.2

Phase-Matching at Low Fundamental Powers

The expressions for the polarization and electric field (above) were substituted into
Equation 1.22. First, only the FH generating terms were included into the simulations
described in Chapter 3 such that Equations 3.3 and 3.4 remained unchanged, but one of
the following equations describing the propagation of the FH field was used to generate
FH:
∇2T A1
∂A5
k5
γ
=−
−
(α5 A5 + A1 A1 A3 )
∂z
2ik5
2i0
8

(5.3)

∇2T A1
∂A5
k5
γ
=−
−
(α5 A5 + A3 A3 A∗1 )
∂z
2ik5
2i0
8

(5.4)

∇2T A1
k5
ε
∂ A5
=−
−
(α5 A5 +
A1 A1 A1 A1 A1 )
∂z
2ik5
2i0
1920

(5.5)

where Equation 5.3 produced FH with wave mixing case 1, Equation 5.4 produced FH
with wave mixing case 2, and Equation 5.5 produced FH with the generation case. At
low fundamental power, the higher order terms do not significantly contribute to HG,
so these equations are useful approximations for investigating the individual effects.
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For the wave-mixing cases, the phase matching integrals were generated just as
in Chapter 3 in two regimes:
• Pure wave mixing: The TH field was present from the beginning of the generation
with energy 0.206 W, which was the power of the TH beam 1 cm before the focus
when the fundamental power was 20 MW, as determined from the simulations
described in Chapter 3. The phase-matching integral results for the TFL are
shown in Figure 5.1 and qualitatively resemble the general shape predicted by
[18], shown in Figure 4.2.
• Simultaneous generation and wave-mixing: The FH was produced along with
the TH, just as in the experiment. The results for the TFL are shown in Figure
5.2. For case 1, the phase-matching integral still did not exist for negative b∆k,
however for case 2, the phase-matching integral had a small, but non-zero result
for negative b∆k. This is because as the TH power builds up, the true wave
mixing regime becomes applicable. In the SIL, both wave-mixing results were
non-zero for b∆k, as is shown in Figure 5.3, although case 1 is the stronger effect
by many orders of magnitude since it uses twice as many fundamental photons.
Thus, there are two competing processes in the SIL, and the power dependence
depends on the ratio of γ to ε.
For the generation case, the TFL and SIL results are given in Figure 5.4. In the SIL,
FHG is lower than for wave mixing case 1 by three orders of magnitude, indicating that
the generation case is not the dominant case even in the SIL.
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Fig. 5.1: Phase-matching integral results in the TFL for the true wave mixing regime.
Case 1 is scaled by a factor of 5 · 10−7 .
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Fig. 5.2: Phase-matching integral results for the wave mixing as performed in the experiment for the TFL. Case 1 is scaled by a factor of 5 · 10−7 .
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Fig. 5.3: Phase-matching integral results for the wave mixing as performed in the experiment for the SIL. Case 1 is scaled by a factor of 5 · 10−7 .
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Fig. 5.4: Phase-matching integral results for the generation case in TFL and SIL. Simulation results are shown as dots and analytical results are shown as lines.
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5.3

Power Dependence Simulations

Next, all leading terms (all three photon interactions and all five photon interactions
involving only ω1 terms) were incorporated into the simulations, such that the beam
propagations were dictated by:

∂A1
∂z

=−

∇2T A1
2ik

−

k
(α1 A1
2i0

+ γ8 A1 A∗1 A1 + γ8 A∗1 A∗1 A3 + γ4 A1 A3 A∗3 + γ4 A∗1 A∗3 A5
+ γ8 A3 A3 A∗5

∂A3
∂z

=−

∇2T A3
2ik3

−

k3
(α3 A3
2i0

=−

∇2T A5
2ik5

−

k5
(α5 A5
210

+

+

+

(5.7)

ε
A A A A A∗ )
384 1 1 1 1 1

+ γ8 A1 A1 A3 + γ8 A3 A3 A∗1 + γ4 A5 A∗1 A1 + γ4 A3 A∗3 A5
+ γ8 A5 A∗5 A5

(5.6)

ε
A A A A∗ A∗ )
384 1 1 1 1 1

γ
+ 24
A1 A1 A1 + γ4 A3 A∗1 A1 + γ8 A3 A∗3 A3 + γ8 A5 A∗1 A1

+ γ4 A5 A1 A∗3
∂A5
∂z

+

γ
A A A∗
4 1 5 5

(5.8)

ε
AA A AA)
1920 1 1 1 1 1

The polarizabilities were given by α1 , α3 , and α5 for ω, 3ω, and 5ω, respectively.
Tables 5.1-5.3 describe the included effects.
The resulting power dependences are shown in Figure 5.5 as dots on a log-log
plot. In the SIL, the approximate power dependence was P5 ≈ P51 , which is consistent
with either the generation case or case 1 being responsible for FHG, but not case 2. In
the TFL, the power dependence was higher, resulting in a steeper slope on the log-log
plot.
Simulations with all the terms up to fifth order were also run. Table 5.4 shows
all the electric field amplitude combinations and their pre-factors, and the resulting
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power dependences are shown in Figure 5.5 as lines. In the SIL, the leading order and
full simulations agree. In the TFL, the higher order non-linear contributions lead to a
steeper slope (P5 ≈ P6.6
1 ) and lower signal.
Unlike in the experiment, the simulations indicate that FHG is enhanced in the
SIL. Since the simulations do not take into account the spectrum of the beams (the fundamental beam was assumed to be monochromatic at 800 nm) or the time dependence
of the pulse, they cannot be used to explain the spectra observed in the experiments.
This might be a factor in the inconsistency between the predicted enhancement in the
SIL and the lack of enhancement observed in the experiment.
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Fig. 5.5: Power dependences for FHG in TFL and SIL. Shown as points are results
using only the leading terms. Shown as lines are results using all terms.
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Table 5.1: Effects included in FHG simulations, where ω refers to the fundamental frequency, 3ω refers to the TH frequency, 5ω refers to the FH frequency, and nNL refers to the non-linear index of refraction.
Energy
Effect

Form

Conservation
Diagram

Self-focusing of ω beam

A∗1 A1 A1

Back Conversion

A∗1 A∗1 A3

nNL induced at ω due to 3ω

A1 A∗3 A3

Back Conversion

A∗1 A∗3 A5

Back Conversion

A3 A3 A∗5

nNL induce at ω due to 5ω

A1 A∗5 A∗5

Higher order self-focusing of ω beam

A1 A∗1 A1 A∗1 A1
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Table 5.2: Effects included in FHG simulations, continued.
Energy
Effect

Form

Conservation
Diagram

THG

A1 A1 A1

Self-focusing of 3ω beam

A∗3 A3 A3

nNL induced at 3ω beam due to ω

A∗1 A1 A3

Back conversion

A5 A∗1 A∗1

Back conversion

A5 A1 A∗3

nNL induced at 3ω due to 5ω

A5 A∗5 A3

Higher order conversion

A1 A1 A1 A1 A∗1
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Table 5.3: Effects included in FHG simulations, continued.
Energy
Effect

Form

Conservation
Diagram

FHG from wavemixing

A1 A1 A3

FHG from wavemixing

A3 A3 A∗1

nNL induced at 5ω due to ω

A5 A1 A∗1

nNL induced at 5ω due to 3ω

A5 A3 A∗3

Self-focusing of 5ω beam

A5 A∗5 A5

FHG

A1 A1 A1 A1 A1

Fifth Order

Third Order

First Order

+
+
+

A1 A5 A∗1 A∗1 A∗3
32

A5 A5 A∗1 A∗3 A∗5
32

A1 A1 A1 A∗3 A∗5
96

+

+

+

A1 A5 A∗5
)
4

+

+

+

A1 A1 A5 A∗1 A∗5
+
32

A3 A3 A5 A∗5 A∗5
+
64

A1 A3 A3 A∗3 A∗3
+
64

+

+

+

+

A3 A3 A3 A∗3 A∗3
192

+

A5 A5 A∗1 A∗1 A∗5
+
64

A3 A5 A∗1 A∗1 A∗3
+
32

A1 A1 A1 A3 A∗3
+
96

A3 A3 A3 A∗1 A∗5
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Chapter 6

Conclusions and Future Directions

6.1

Third Harmonic Generation Conclusions

Two techniques for THG were presented, each with pros and cons. The septum method
used one gas, so the complication of equilibrating two gases were avoided and the
pressure was set with greater precision, making the septum method easier to implement
than the two-gas method. However, it had two disadvantages: First, if beam pointing is
a concern, the method will not be very stable as the beam moves and drills a new part
of the metal. Second, in applications where the gas might be highly absorbing or could
damage the detector, filling the output side of the vacuum tube with the gas would be
undesirable. These two concerns can be mitigated by using the two-gas method instead.
However, the two-gas method was more troublesome to implement because of the need
for a vacuum seal between the two halves of the chamber and the difficulty in filling
each half of the tube separately but to the same pressure with precision.
In the low pressure and power limit, where the analytic description of harmonic
generation is valid, the results for the two presented methods yielded the appropriate
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power and pressure relationships. For high fundamental power, the simulations extended the range of agreement by incorporating non-linear phase accumulation and
ionization.
Further work can be done to improve the accuracy of the simulations. For example, a more complex model incorporating the changes to the refractive index due to
ionization could be implemented.
The experimental results could also be optimized by using pre-drilled pinholes
for smoother pinhole profiles, changing the f-number of the lens to reduce ionization,
and using higher χ(3) gases to produce more TH signal.
The benefits of pursuing this geometry as a source of TH light are that both of
the presented techniques are stable over many hours, do not require differential pumping, and do not involve focusing a high intensity beam into an interface that could be
damaged or could change the beam profile (for example, a glass window). Moreover,
the techniques are non-resonant, so they can be used with ultra-short pulses.

6.2

Fifth Harmonic Generation Conclusions

Implementing the septum method to study FHG had difficulties due to water’s high
absorption cross section and tendency to cling to surfaces, which meant that the vacuum
tube needed to be evacuated to a low pressure before filling with the dry gas. Since
vibrations are a concern when using the septum method, a vacuum pump that could be
turned off during experiments was necessary. Only a rotary vane pump was available to
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satisfy this requirement, thus pumping efficiency and the lowest pressure possible were
limited and there was a limitation on how many spectra could be taken before enough
water out-gassed that the signals began to suffer significantly.
Simulations also indicated that wave mixing case 1 was responsible for the fifth
harmonic signal, which brings into doubt any measurements of χ(5) based on experiments that assume that the generating case is responsible for FHG. The assumption
that the generating case is responsible for FHG because the observed power dependency is P5 is flawed because although wave mixing case 1 is a three photon effect
(ω1 + ω1 + ω3 ), the TH photon arises from three ω1 photons, so there are actually five
fundamental photons involved, and thus the power dependence was also P5 .
FHG was not more efficient in the SIL, which was not explained by the simulations. However, in the SIL, the FH spectra were consistently centered on the FH
wavelength, whereas the spectra in the TFL were shifted to higher wavelengths with
increased power, which might be due to ionization. So, although there was no enhancement in the SIL, the SIL is still advantageous over the TFL for applications where a
narrow bandwidth source of FHG is required.

6.3

6.3.1

Future Directions

Harmonics from Iodine

A two level system generally cannot be used to accurately model the multiphoton excitation necessary for harmonic generation because the dipole coupling strengths are
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typically weak. In a three level system with two nearly degenerate excited states, the
dipole couplings can be strong [23]. Such a system is called the Γ − system and can
be seen in Figure 6.1. For example, in work done by [24], the authors analytically describe and model harmonic generation from a three level model of the hydrogen atom
with two nearly degenerate excited states, observing good conversion efficiency and a
harmonic emission rate that rises with harmonic order for the first few orders.
Diatomic homonuclear molecules, however, are better candidates for a three level
model with the charge transfer states serving as the excited states. When the internuclear separation is large, the excited states become degenerate. Simulation work
by [25] shows that even a neutral diatomic homonuclear molecule has the appropriate
level structure such that at large internuclear separation and high electric field strength
the harmonic power increases with order up to ninth order. The simulations used a
full time-dependent Schrödinger calculation since in the neutral the excited states are
closely grouped in energy.
The predictions in [24] and [25] are interesting because they do not display the
expected perturbative response, where the harmonics decrease rapidly with order up
to the plateau region of high harmonic generation, which is described by [26] with a
semi-classical model. Moreover, it is more convenient to work with neutral molecules.
A proposed experiment to study harmonic generation from a Γ − system involves
using molecular iodine as the neutral molecule. Using a 500nm pump pulse, a wavepacket
would be resonantly launched into the B (σ2g π4u π3g σ1u ) state of I2 , where it will oscillate
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in the potential up to an internuclear distance of R ∼ 8.7 a.u. [27]. The oscillation is
associated with the vibrational motion of the molecule, which has a period of 265 f s
[28]. Harmonic generation as a function of internuclear separation would be probed
with a 800 nm pulse provided by the the 50 f s Spitfire system previously described. At
large internuclear separation, several excited states become degenerate in the neutral
molecule [29], so it is conceivable that molecular iodine is a good Γ − system candidate.
THG in iodine was studied in preparation for this experiment. Iodine is a solid at
room temperature, but due to its low vapor pressure, 30 torr of pressure was achieved
by heating it to 190 F in an enclosed chamber. Since iodine reacts with most metals and
poses a risk to delicate components, such as gratings, a containment system was devised
as follows: Previous simulation results done by [30] indicate that most of the harmonic
signal is generated in the region 1 cm before the focus. Moreover, from the two-gas
experiments, it was concluded that a very thin septum functions as a barrier between
two gases. Although the laser drilled a large hole, the gases did not mix efficiently.
Also, He was found to be a poor producer of harmonics due to its low χ(3) value. Thus,
a chamber (Figure 6.2) was designed to fit inside the tube used for the previous THG
experiments. The output side of the chamber was a 0.64 mm thick SS septum and
positioned at the focus of the beam. The input side was a 0.37 mm thick SS septum
positioned 1 cm before the focus. The thickness of the input septum was chosen to be
be thicker than in the two-gas experiments to reduce the amount of iodine leaking to
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the rest of the chamber. Initially, the iodine was contained in a SS bulb and separated
from the rest of the chamber with a valve. The entire chamber was filled with 30 torr
He and heated, including the iodine bulb. A power dependence was recorded and can
be seen in Figure 6.3 to have a P1.2
1 power dependence. This was to account for the He
and the glue holding the septa in place. Then, the iodine was released into the chamber.
The resulting power dependence (Figure 6.3) was P3.0
1 and higher conversion efficiency,
and indicated that it is possible to study HG from iodine. However, due to iodine’s high
reactivity with metals and water, the chamber was damaged and contaminated beyond
salvation by hydrogen iodide and aluminum iodide, which are hazardous acids.
Avoiding these hazards would involve a container that is free of metal and other
non-compatible components, as well as a fixed, pre-drilled pinhole to avoid opening the
container. Glass is a natural choice since it is already used for iodine vapor cells, and a
pre-drilled glass pinhole can easily be incorporated. However, laser alignment into the
pinhole is problematic due to the hole’s small size (≈ 25 µm radius) and laser pointing
instability.

6.3.2

Harmonic Generation with Bessel-like Beams

An alternative suggestion to combat the phase-matching issue of harmonic generation
is to use beams with non-gaussian mode profiles. For example, in [31], the authors
showed that a Bessel-like beam resulting from an initially gaussian beam propagating
through a lens and axicon, can be “focused”, with the focal size and position determined
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Fig. 6.1: The three level Γ − system where Ω12 (t) and Ω23 (t) are dipole coupling terms.
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by the distance between the lens and axicon. Bessel-like beams are appealing for HG
because they exhibit a high intensity over a longer propagation distance than that of a
gaussian beam. However, it is not know if the phase-matching for this type of beam
allows for efficient harmonic generation. Thus, the simulations described in Chapter 5
were modified to predict THG and FHG efficiencies with Bessel-like beams.
The simulations assumed an initially gaussian mode, which was focused by a
10 cm lens and then incident on an axicon 6 cm after the lens. This combination of
lens and lens-axicon distance was chosen for having a small minimum waist (and thus
higher intensity), where the waist was defined in [31] as the radius that contained 80%
of the power.
Harmonics were generated according to the terms in Table 5.4. Figures 6.46.6 show propagation plots for the fundamental, TH, and FH beams. The structure
of the modes is highlighted in Figure 6.7, which shows the propagations zoomed in
on the minimum waist. Immediately after the minimum waist, the TH and FH beams
displayed a small signal near the propagation axis. However, far from the minimum
waist (100mm after the axicon, where the energy in the TH and FH beams had stabilized
to a constant), the TH and FH modes followed the fundamental mode and had a donut
shape (Figure 6.8).
Figure 6.9 shows the power dependence for THG and FHG. THG had a power
6.9
dependence of P3.5
1 and FHG had a power dependence of P1 , which was not consistent

with the leading order terms being responsible fo the harmonic signals. Moreover,
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the conversion efficiency was not better than in the TFL for gaussian beams. Therefore,
using Bessel-like beams is not a better alternative to using gaussian beams for harmonic
generation.
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Fig. 6.2: Modified THG set-up to study iodine. The iodine was confined to a bulb, with
a valve separating the bulb from the rest of the chamber. Helium was first
added to the tube through a separate intake. After the iodine was heated, it
was released into the tube, but it remained contained in the chamber defined
by the thin and thick septa.
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Propagation distance relative to axicon.

Fig. 6.4: Propagation plots for the fundamental beam for 2 GW power and 100 torr Ar. Intensity is shown on a log scale.
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Propagation distance relative to axicon.

Fig. 6.5: Propagation plots for the TH beam for 2 GW fundamental power and 100 torr Ar. Intensity is shown on a log scale.
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Propagation distance relative to axicon.

Fig. 6.6: Propagation plots for the FH beam for 2 GW fundamental power and 100 torr Ar. Intensity is shown on a log scale.
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Intensity is shown on a log scale. Propagation distance relative to axicon.

Fig. 6.7: Zoomed in propagation plots for the fundamental, TH, and FH beams for 2 GW fundamental power and 100 torr Ar.
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Fig. 6.9: Power dependence for Bessel-like beam.
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Appendix A
Additional Material
A.1

Photomultiplier Tube

A photomultiplier tube (PMT) utilizes the photoelectric effect for the purpose of detecting signals as small as a single photon count [32]. The tube is evacuated to a low
vacuum and contains four main components: a photocathode, a focusing electrode, a
set of dynodes, and an anode. When a photon is incident on the photocathode, it is
absorbed by an electron in the valance band of the photocathode material and, provided
the photon has more energy than the work function of the material, the electron may be
emitted from the material. After emission, the electron may be reabsorbed or scattered
by the bulk, but there is a probability that it will be liberated to the vacuum. Then, it
is accelerated by the focusing electrode toward an array of dynodes so that secondary
emission can occur. Secondary emission is the process where a primary electron incident on a material has enough energy to liberate secondary electrons from the material,
thereby multiplying the total number of electrons. Finally, the electrons collect on the
anode, and the consequent current is the signal. The number of dynodes, the dynode
array design, and the voltage applied to the PMT all determine the response time.
The PMT’s high sensitivity means that it is also susceptible to noise. For example, PMTs exhibit ‘dark current’, or signals when no light is incident on the tube.
These can be attributed to several factors ( a detailed list is provided in [32]), but one
unavoidable source is cosmic rays. Cosmic rays are high-speed, high-energy particles,
for example protons and alpha particles, that originate in space and collide with components of the Earth’s atmosphere to create pions, which quickly decay into muons and
muon nutrenos. Muons can easily penetrate matter, and upon passing through glass can
emit Cherenkov radiation, which is detected then by the PMT.
Another contributor to the dark current is the thermionic emission of electrons
from the dynode. This can be reduced by cooling the PMT. If the PMT is operating in
counting mode (the photon rate is low enough that at most only one photon is incident
on the photocathode during the PMT’s response time), the signal should be thresholded
to account for thermionic emissions. However, if the PMT is operating in the current mode (many photons are incident on the photocathode during the response time),
thermionic emissions contribute to the background signal.
Using PMTs for vacuum ultraviolet (VUV)(10 − 200 nm) spectroscopy presents
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a challenge: glasses do not transmit in this range. There are materials such at LiF2
and MgF2 , but not only are their transmission curves not linear in this range, they are
also hydroscopic and their transmission efficiency diminishes over time. Therefore, the
McPherson monochrometer used for the FHG experiments was outfitted with a sodium
salicylate coated window, which fluoresces at the maximum sensitivity wavelength of
the provided PMT when illuminated with UV radiation. Energy conversion for sodium
salicylate is linear from 30 nm to 300 nm [33].

Fig. A.1: Schematic of PMT.
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